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R E L A T I V I S T I C  E L E C T R O N  B E A M  W I T H  A 

D E G R E E  OF C H A R G E  N E U T R A L I Z A T I O N  

V A R I A B L E  

A.  V.  Z h a r i n o v ,  D.  N. N o v i c h k o v ,  UDC 533.951 
a n d  A.  S. C h i k h a c h e v  

A ra the r  large number  of  theoret ical  papers  have appeared on the s teady states of re la t iv is t ic  beams 
which are  uniform along the axis (cf. reviews [1, 2]), but under actual  experimental  conditions the degree of 
charge  neutral izat ion of a beam may va ry  cons iderably  along the tube axis.  In quasis ta t ionary and s ta t ionary  
sys tems  the ion density may va ry  appreciably  along the length when there  a re  longitudinal sinks [3]. In addi-  
tion, a number of papers  (e.g., [4]) consider  the focusing of beams in a guide tube by a p r e s s u r e  gradient  along 
the beam. Thus, it is interest ing to consider  the equil ibrium state of a beam for a var iable  degree of charge  
neutral izat ion along the tube through which a quasis teady beam is propagated. 

We assume that a beam with a cu r r en t  I is injected along the axis of a metal  tube of length 21, with a 
density of neutral  par t ic les  n0(z). The ion density ni(z) a r i s ing  as a resu l t  of ionization will also vary .  For 
s impl ic i ty  we assume that the beam is na r row enough so that we can consider  no, n i, and ne, independent of the 
radius p. We denote the charac te r i s t i c  scale of the nonuniformity of the n i distribution by 5, where l ~ L. 

We assume that the density of neutral  a toms,  and consequently the ion density, is maximum at  z = 0 
( - L -  z -  < L). By assumpt ion the state of the beam var ies  f rom nearly forcef ree  at the ends of  the tube toward 
quasineutral ,  but the conditions for quasineutral i ty  and fo rce - f r ee  motion are  not satisfied exactly (ne > ni 
ne/Y 2, where ~ is the rat io of the total energy of  an e lec t ron to its r e s t  energy).  Under these conditions it is 
requi red  to find the cha rac te r i s t i c s  of an axially symmet r i c  beam (ne(z), ni(z), and T(z)), taking account  of the 
effect  of sel f - f ie lds  on the motion of beam par t ic les .  

If v if the veloci ty  of an e lect ron,  and E and H are  the intensities of the e lec t r ic  and magnetic fields, the 
equation of motion of an e lec t ron can be writ ten in the form 

where e and m are  the charge and mass  of the e lect ron,  and c is the velocity of light. 

We use the adiabatic approximation to solve (1) ; i .e.,  we assume that E, H, and ~/vary slowly along the 
axis of the tube. Then we can set  E z ~ 0. 

The project ion of (1) along the direct ion of the radius p of  a cyl indr ical  coordinate sys tem gives 

The field components Ep and H 0 a re  Ep= 2vep(ni - he) and H 0 =-2~epneflz, where he(z) is the e lectron 
density in the beam, flz =Vz/C, and v z is the average  longitudinal veloci ty of the e lect rons .  Then (2) can be 
writ ten in the fo rm 
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" ~ ~ 2  _ ~ (3) 
P + P ~ - - P  c2 o o i - - ,  

n e ) - 2~een~ 2~e 2 { __ ~ .  ' 

If  s and 81 a re  a s s u m e d  constant  Eq. (3) can be integrated to give 

2 ( . 2  , ) "1{.  2, (4) 
7Vt-Z/-] = ~ o +  Z - P o - -  

where P0 and p~ a r e  respec t ive ly  the initial radius and the initial t r ansve r se  velocity of an electron.  

The role  of the nonlinear t e rm in (3) can be es t imated f rom (4). If the exponent is smal l  its expansion 
and the subsequent averaging of the solution over  the oscillations for large s gives 

t 2 ,0~ '~2 " :[ E : 2 ~  
.Q2 -~i . f , - 7 , o ~  

It is c lear  f rom these relat ions that if the radius of the initial distribution is smal l  (p2~i /C2<<I) ,  and the initial 
velocit ies of the par t ic les  a re  paral le l  to the axis (~ = 0), the radius always remains  smal l  and var ies  slowly 
only with a change in s and the t r ansve r se  veloci t ies  also remain  small .  The condition ~<<c implies p0<<cA20 . 
To sat isfy this inequaIity the concentrat ion of e lectrons must  not be too large,  i .e . ,  the beam currents  must  
not be too large.  Using the maximum value of ~20 at z = 0 we have as an est imate  

P~ << 7mc212~e~n~, 
i .e. ,  a sufficient condition is 

i << ~/2, (5) 

where i = eI /mc ~ and I = ~ep2ne c is the beam current .  We note also that in the range of pa ramete r s  of in teres t  
to us we can set  [20 ~ s 

Thus, we assume that (5) is sat isf ied;  i .e. ,  the nonlinear t e rm in (3) gives only a smal l  cor rec t ion  to the 
resu l t s  obtained. 

If the condition T>>I is satisfied,  flz ~ 1 for all the beam par t ic les .  Then in (3) the var iable  t can be 
changed to z: 

p "  + ff22(z)p = O, (6) 

where s in genera l  depends on ~ also:  

i 2 

We consider  the case when (6) can be solved in the WKB approximation,  i .e. ,  when ~2>>12i. Since s can 
be est imated as [~ ~ We/C , where J e = 2 ~ e 2 n e / m T  and 12' = ~2/~, a sufficient condition for the applicability of the 
WKB approximation is l >>C/We, which is satisfied for a ve ry  broad range of pa rame te r s .  

The solution of (6) has the form 

A1 A2 a0 = ~ (z). (8) p = ~ cos 0 (z) + ~--~ s i~  0 (~), a--::-- 

Because of the large values of 0 only quantities averaged over  the oscil lat ions have a physical  meaning. 
F rom (8) the averages  of the squares  are  

~(~) = Coin(z), W(z) = ClP4z). (9) 

We note that the following inequalities must  be satisfied: 

C0 > 0, Ci > 0, ~2(z) > 0. 

Equation (7) for ~2(z), which contains a nonlinear t e rm,  can also be averaged over  the oscillations to give 

2~# [ ne I' (10) 
~ (z) = ~,-m~-~ ~n~ ( t  - c1~ (z)) - 7 s "  

Equation (10) takes account of the nonlinear character  of the t r a n s v e r s e  osc i l la t ions  of  an e lec tron ,  but i s  
valid only when the correc t ion  re lated to the constant  C 1 is s m a l l ,  which is n e c e s s a r y  to sat i s fy  the inequality 



We note also that in (i0) ~ depends on the initial conditions, which is generally the case for nonlinear 
oscillations. 

Equation (i0) relates the functions ~2(z), 7(z), ni(z), and ne(z). The value of 7(z) can be found from 7(z) = 
TR+e~/mc 2, where TR is determined in terms of the potential of the tube wall. 

It has been assumed that the degree of charge neutralization of the beam increases from the ends of the 
tube toward the middle but does not reach unity, since in the case under consideration the charge of the beam 
must be large enough so that secondary electrons produced in ionization reach the wall of the tube. 

For a potential ~(z) and a very thin beam (In (R/a)>>I/2), we have the relation 

(1)(Z) ---- - -2nea~(z)(ne(z)_n~(z)) ln(R/a(z)) ,  
so t ha t  

F r o m  Eq.  (9) the r a d i u s  of the  b e a m  is  g iven  by  

�9 R 2ne~a~rnc~ (z) (ne (z) - -  ni (z)) In --a(z)" 

a~(z)= CJf~(z). 

F o r  a c l o s e d  s y s t e m  the b e a m  c u r r e n t  is  c o n s t a n t  

I = ~aO-(z)ene(z)c -~ const, 

(ii) 

f r o m  which  

ne = CJa~'(z), (12) 
and 

n~ --- CsQ(z). (13) 

E l i m i n a t i n g  ~(z)  f r o m  (13) and (10) 

I f (C6Cj'- Ce,h' C:~C6 (14) 
ne (z) = V-TV-- ~ ~ ~V' ' 

where CI, ..., C 5 are positive constants which depend on the initial conditions, and C 6 = 2~e2/mc 2. 

Thus, Eqs. (ii), (12), and (13) suffice for the determination of the electron density in the beam and the 

potential distribution for a given ion density hi(Z)~ Because of the presence of the factor In(R/a), however, 
these relations cannot be expressed explicitly. 

One general conclusion can be drawn concerning the character of the functions ne(z ) and T(z), namely, 

that if n i is symmetric about z = 0, n e and T will also be symmetric. 

In principle the relations obtained above express T and n e in terms of the ion density, which can be 
determined if the densities n o and n e and the potential distribution are known. 

For simplicity we assume that z varies from 0 to L. Then for ni(z ) we have 

( 1 5 )  

w h e r e  M is  the m a s s  of  an  ion and vi(z) is  the  f r e q u e n c y  of  c o l l i s i o n s  of  b e a m  e l e c t r o n s  wi th  n e u t r a l  a t o m s  
l e a d i n g  to the  f o r m a t i o n  o f  ions :  

v~(z)= no(z)(~,, 
w h e r e  ai  is  the  i o n i z a t i o n  c r o s s  s e c t i o n .  

E q u a t i o n  (15) is  a c o n s e q u e n c e  of  the equa t ion  o f  c on t i nu i t y  for  ions  and i s  v a l i d  on ly  for  a mc, no tonic  
func t ion  7(z) in the  i n t e g r a n d .  

H e n c e f o r t h  we s h a l l  be  i n t e r e s t e d  m a i n l y  in a r a n g e  of  p a r a m e t e r s  c o r r e s p o n d i n g  to c h a r a c t e r i s t i c s  of  
the  b e a m  c l o s e  to z = 0. We o m i t  the t e r m  n e 7 2 on the  r i g h t - h a n d  s i d e  of (10), so tha t  i n s t e a d  of  (14) we o b t a i n  
the  s i m p l e r  e x p r e s s i o n  

In, (z) 7 (0)~ 1/2 (16) 
.~(~)_ n~ (0) t ~ )  " 

7(z)= 7R - -  iA(z)(l - -  ni(z) /ne(z)) ,  

E q u a t i o n  (1) c a n  be w r i t t e n  in the  f o r m  

(i7) 



A(z) = 21n(R/a(z)), where because  of the v e r y  slowly vary ing  logar i thmic  function A ~ cons t=  A0, Equations (15)- 
(17) f o r m  a s e l f - cons i s t en t  s y s t e m  of equations which uniquely de te rmines  the requ i red  quantit ies in t e r m s  of  
the densi ty  of neut ra l  a toms  n0(z). 

I t  is convenient  to introduce a new function 

n i ( z ) / n e ( z ) =  I - -  o~(z), n i ( O ) / n e ( O ) =  I - -  o~o, 

~(z)= ~o + a~(z). 

All the requ i red  c h a r a c t e r i s t i c s  ni, ne, and Y can be e x p r e s s e d  in t e r m s  of a(z) : 

n i (z) (t _ ~)2 n~ (0) . (18) 
t ~A~ (z) (t - -  %) '  

?o 

n~ (z) = t -- a n e (0) (19) 
1 i A a  1 (z) ( t  - -  % )  ' 

% 

~;(z)----- %- iAal(z). (20) 

The function a(z) is de te rmined  f r o m  the nonlinear in tegra l  equation (15). In genera l  this equation is v e r y  diffi- 
cul t  to solve,  but if  we use the condition ~l(z)<<1 - s0, which is valid for sma l l  z,  and a s s u m e  iA/$0<<l , the 
equation takes the s i m p l e r  f o r m  

z 

By using the expansion al(~) = o~l(z) + (~ - z) a l  (z): 

where  

z 

~ y K 2 (~) d~ 1 
~1 (z) = ~-~ (t -ho) ~' 

0 

z 

K1 (z)  = o ~ "  
On the bas i s  of  Eqs.  (18)-(20) a quali tat ive ana lys i s  can now be given of the behavior  of ni(z), no(z) and 

T(z) nea r  z = 0 .  All three  functions have max ima  at  z = 0 .  The t o t a l d e n s i t y  falls  off twice as rap id ly  as the 
e l ec t ron  densi ty ,  and because  of the condition iA/T0 <<1 the r e l a t ive  falloff of T(z) is v e r y  slow. 

A m o r e  exac t  ana lys i s  r e q u i r e s  a numer ica l  solution of the equations presented .  

In s u m m a r y  we have obtained a s e l f - cons i s t en t  s y s t e m  of equations for  de terminIng  the s ta te  of non- 
un i formi ty  along the axis of an axia l ly  s y m m e t r i c  r e l a t iv i s t i c  e lec t ron  beam,  taking account  of the ionization of 
the r e s idua l  gas.  
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